
EMSE 4765: DATA ANALYSIS
For Engineers and Scientists

 Session 4: Estimator Distributions, Confidence Intervals,
Hypothesis Testing

Version: 2/1/2021

Lecture Notes by: J. René van Dorp1

www.seas.gwu.edu/~dorpjr

1  Department of Engineering Management and Systems Egineering, School of Engineering and
Applied Science, The George Washington University, 800 22nd Street, N.W.  Suite 2800,ß
Washington D.C. 20052. E-mail: dorpjr@gwu.edu.



EMSE 4765 Notes J.R. van Dorp;  ; Page 2dorpjr@gwu.edu

STATISTICAL REVIEW Estimator Distributions

• Let  be a random  sample where Ð\ ßá ß\ Ñ 3Þ3Þ.Þ ß \ µ RÐ ß Ñ Ê" 8 3 . 5

\ 

Î 8
œ µ R9<7+6Ð!ß "Ñ

.

5   - standard normal distribution

Analysis in "T_Variance_Known.R"
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STATISTICAL REVIEW Estimator Distributions
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STATISTICAL INFERENCE Estimator Distributions

• Let  be a random  sample, where Ð\ ßá ß\ Ñ 3Þ3Þ.Þ \ µ RÐ!ß "Ñ Ê À" 8 3

] œ \ µ
3œ"

8
# #
3 8; - Chi-squared distribution with  degrees of freedom8

Analysis in "Chi_Squared_n.R"
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STATISTICAL INFERENCE Estimator Distributions

• Let  be a random  sample, where Ð\ ßá ß\ Ñ 3Þ3Þ.Þ \ µ RÐ ß Ñ Ê" 8 3 . 5

] œ œ Ð\ \ Ñ œ µ
\ \ " Ð8  "ÑW  

3œ" 3œ"

8 8
3

#

# #3
# #8

#

8"5 5 5
;

8 "

8 "

Chi-squared distribution with  degrees of freedomÐ8  "Ñ

Analysis in "Chi_Squared_Minus_One.R"
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STATISTICAL INFERENCE Estimator Distributions

• Let  be a random  sample, where Ð\ ßá ß\ Ñ 3Þ3Þ.Þ \ µ RÐ ß Ñ Ê À" 8 3 . 5

\  \  W R9<7+6Ð!ß "Ñ

W Î 8 Î 8
œ µ µ >

ÎÐ8  "Ñ

. .

5 5 ;8

8

#
8"

8"       

Student-  distribution with ( ) degrees of freedom> 8  "

Analysis in "T_Variance_Unknown.R"
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STATISTICAL INFERENCE Estimator Distributions

• Let  and  be a random  samplesÐ\ ßá ß\ Ñ Ð] ßá ß ] Ñ 3Þ3Þ.Þ" 8 " 7

\ µ RÐ ß Ñ ] µ RÐ ß Ñ Ð ] \ Ñ Ê3 B B 3 C C 4 3. 5 . 5,  's independent of the 's

W " \ \ " ]  ]

W 8  " 7 "
œ µ J

# #
B B
# #
C C 3œ" 3œ"

8 7
3 3

B C

# #

8"ß7"
/
/
5

5 5 5
        

J 8 " 7 "distribution with  and degrees of freedom

Analysis in "F_Estimator.R"
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STATISTICAL INFERENCE Mean Confidence Intervals

Estimator distributions are important to determine confidence intervals.

Significance: 10.00%
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STATISTICAL INFERENCE Mean Confidence Intervals

• 90% for mean  is  of a two-sided confidence interval . a realization random
interval with  because  and  are random variables.two random bounds \ W

• One obtains this 90% with two two-sided confidence interval fixed bounds
by substituting   for   and   for  estimate estimateB \ = WÞestimator estimator

Example 15 (Continued): Dielectric breakdown voltage data

24.46 25.61 26.25 26.42 26.66 27.15 27.31 27.54 27.74 27.94
27.98 28.04 28.28 28.49 28.50 28.87 29.11 29.13 29.50 30.88

 , B ¸ #(Þ(*$ = ¸ #Þ"%ß > œ "Þ($#
"*ß!Þ*&

90% Two-Sided Confidence Interval for :.

Ò#(Þ(*$  ß #(Þ(*$  Ó œ Ò#(Þ#$ß #)Þ$'Ó
"Þ($ ‚ #Þ"% "Þ($ ‚ #Þ"%

#! #!

 
 
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STATISTICAL INFERENCE Mean Confidence Intervals

Analysis in "Voltage_Mu_Sigma_X_Intervals.R"

R - Output

R - Code

Excel - Analysis
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STATISTICAL INFERENCE Variance Confidence Intervals

Estimator distributions are important to determine confidence intervals.

Significance: 10.00%
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STATISTICAL INFERENCE  Variance Confidence Intervals

• 90% for variance  is  of atwo-sided confidence interval 5# a realization
random interval with two random bounds because  is a random variable.W#

• One obtains this 90% with two  two-sided confidence interval fixed bounds
by substituting   for  the estimate = W Þ# #the estimator

Example 15 (Continued): Dielectric breakdown voltage data

24.46 25.61 26.25 26.42 26.66 27.15 27.31 27.54 27.74 27.94
27.98 28.04 28.28 28.49 28.50 28.87 29.11 29.13 29.50 30.88

= ¸ #Þ"%ß œ "!Þ"#ß œ $!Þ"%# # #
"*ß!Þ!& "*ß!Þ*&; ;

90% Two-Sided Confidence Interval for :5#

Ò ß Ó œ Ò"Þ$%(ß %Þ!"%Ó
"* ‚ #Þ"% "* ‚ #Þ"%

$!Þ"% "!Þ"#
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STATISTICAL INFERENCE Variance Confidence Intervals

Analysis in "Voltage_Mu_Sigma_X_Intervals.R"

R - Output

R - Code

Excel - Analysis
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STATISTICAL INFERENCE Mean Hypothesis Testing

Analysis in file "Voltage_Hypothesis_1.R". Should we Reject  in favor of ?L L! "
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STATISTICAL INFERENCE Mean Hypothesis Testing

• There is a connection between and confidence intervals hypothesis testing.
Let  be an   sample from a  withÐB ßá ß B Ñ 3Þ3Þ.Þ" 8 normal distribution
unknown mean  and unknown variance . Consider the hypothesis test.. 5#

L À œ

L À Á
! !

" !

. .

. .

 are an High values and low values of B indication of support for the
alternative hypothesis. High values and low values of  go together withB
high and low values of the following >! estimate

> œ µ >
B 

=Î 8
! 8"

!. , Note that: Estimator if  is trueX œ L
\ 

WÎ 8

.!
!

• How high or low do we let  (or  get before we reject the nullB > Ñ!
hypothesis? This is determined by  and the distribution of X the
significance level  that you specify.α  For a two-sided test we divide the
significance level , say %, by two  andα "! for two tails with equal probability
by convention:
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STATISTICAL INFERENCE Mean Hypothesis Testing

 Too high a value of    B Í > œ  >! 8"ß!Þ*&
B
=Î 8

.!
 Too low a value of   B Í > œ  > œ  >! 8"ß!Þ!& 8"ß!Þ*&

B
=Î 8

.!
• Conclusion:




we reject  if 

we fail to reject  if 

L > œ Â Ò> ß > Ó

L > œ − Ò> ß > Ó

! ! 8"ß!Þ!& 8"ß!Þ*&
B
=Î 8

! ! 8"ß!Þ!& 8"ß!Þ*&
B
=Î 8

.

.

!

!




 which is equivalent to:

 we reject  if 
we fail to reject  if 

L Â ÒB  > ‚ ß B  > ‚ Ó

L −

! ! 8"ß!Þ*& 8"ß!Þ*&
= =
8 8

! !

.

.

 
ÒB  > ‚ ßB > ‚ Ó8"ß!Þ*& 8"ß!Þ*&

= =
8 8 

• But:  ÒB  > ‚ ßB > ‚ Ó8"ß!Þ*& 8"ß!Þ*&
= =
8 8  is the % confidence*!

interval for ..
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STATISTICAL INFERENCE  Mean Hypothesis Testing
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STATISTICAL INFERENCE  Mean Hypothesis Testing
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STATISTICAL INFERENCE  Mean Hypothesis Testing
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STATISTICAL INFERENCE  Mean Hypothesis Testing

Scenario where we reject  based on L! the value of  - estimate>!
Type 1 error eject is true) eject )œ T<ÐV L lL œ T<ÐV L l œ œ! ! ! !. . α

Analysis in file "Voltage_Hypothesis_2.R"
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STATISTICAL INFERENCE  Mean Hypothesis Testing

Scenario where we reject  based on L! the value of  - estimate>!
: œ T<ÐX Â Ò  > ß > ÓÑ œ #T<ÐX  > Ñ -value 8" ! ! 8" ! α

Analysis in file "Voltage_Hypothesis_3.R"
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STATISTICAL INFERENCE  Mean Hypothesis Testing

Definition:   The of an hypothesis test is  atp-value the largest significance level
which we would just fail to reject the null-hypothesis. It is also the probability of
observing something more extreme than you have observed.

•  : œ T<ÐX Â Ò  > ß > ÓÑ œ #T<ÐX  > ÑÞ-value Small p-values indicate8" ! ! 8" !

level of evidence against the null-hypothesis.

Example 15 (Continued): Dielectric breakdown voltage data

24.46 25.61 26.25 26.42 26.66 27.15 27.31 27.54 27.74 27.94
27.98 28.04 28.28 28.49 28.50 28.87 29.11 29.13 29.50 30.88

 , , B ¸ #(Þ(*$ = ¸ #Þ"%ß œ !Þ"!ß > œ  "Þ($ > œ "Þ($#
"*ß!Þ & "*ß!Þ*&α 0

L À œ #(ß L À Á #( Ê > œ ¸ #Þ%$
B  #(

#Þ"%Î #!
! " !. .  

Conclusion:

> Â Ò  "Þ($ß "Þ($Ó Ê L : œ #T<ÐX  #Þ%$Ñ ¸ #Þ&! ! "*Reject ,  -value 4%
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STATISTICAL INFERENCE  Mean Hypothesis Testing

Scenario where we fail to reject  based on L! the value of  - estimate>!
: œ T<ÐX Â Ò  > ß > ÓÑ œ #T<ÐX  > Ñ -value 8" ! ! 8" ! α

Analysis in file "Voltage_Hypothesis_4.R"
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STATISTICAL INFERENCE  Mean Hypothesis Testing

α œ œ T<ÐV/4/->L lL 3=X<?/ÑType I Error ! !

" œ œ T<ÐE--/:>L lL 3=J+6=/ÑType II Error ! !

Analysis in file "Voltage_Type_II_Error.R"
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STATISTICAL INFERENCE  Mean Hypothesis Testing

α œ œ T<ÐV/4/->L lL 3=X<?/ÑType I Error ! !

" œ œ T<ÐE--/:>L lL 3=J+6=/ÑType II Error ! !

Analysis in file "Voltage_Type_II_Error.R"
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STATISTICAL INFERENCE  Mean Hypothesis Testing

α œ œ T<ÐV/4/->L lL 3=X<?/ÑType I Error ! !

" œ œ T<ÐE--/:>L lL 3=J+6=/ÑType II Error ! !

Analysis in file "Voltage_Type_II_Error.R"
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STATISTICAL INFERENCE  Mean Hypothesis Testing

α œ œ T<ÐV/4/->L lL 3=X<?/ÑType I Error ! !

" œ œ T<ÐE--/:>L lL 3=J+6=/ÑType II Error ! !

Analysis in file "Voltage_Type_II_Error.R"
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STATISTICAL INFERENCE  Mean Hypothesis Testing

α œ œ T<ÐV/4/->L lL 3=X<?/ÑType I Error ! !

" œ œ T<ÐE--/:>L lL 3=J+6=/ÑType II Error ! !

Analysis in file "Voltage_Type_II_Error.R"



EMSE 4765 Notes J.R. van Dorp;  ; Page 29dorpjr@gwu.edu

STATISTICAL INFERENCE  Mean Hypothesis Testing

Definition: Type  error fail to reject is false)# œ T<Ð L lL" ! !

• The value of  depends on how one defines  " . .À ´ œ Á" is false"L! ". !

" .

.

Ð Ñ œ T<Ð L l œ T<Ð L l œ

œ T<Ð> Ÿ Ÿ > l œ
\ 

œ T<Ð>  Ÿ
\

. .

.

" ! "

"

fail to reject ) fail to reject )

)

! !

8"ß!Þ!& 8"ß!Þ*&

8"ß!Þ!&

L is false
.

.

!

!

WÎ 8

WÎ 8 WÎ


 8 WÎ 8

WÎ 8 WÎ 8 WÎ 8

Ÿ >  l œ

œ T<Ð  >  Ÿ Ÿ >  l œ
 \  

8"ß!Þ*&

8"ß!Þ*& 8"ß!Þ*&

.

. .

!

! !


  

.

.

.

. . .
.

"

" " "
"

)

)

Example 15 (Continued): Dielectric breakdown voltage data

24.46 25.61 26.25 26.42 26.66 27.15 27.31 27.54 27.74 27.94
27.98 28.04 28.28 28.49 28.50 28.87 29.11 29.13 29.50 30.88 
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STATISTICAL INFERENCE  Mean Hypothesis Testing

• Use now and = ¸ #Þ"% ß 8 œ "!ß œ !Þ"!ßα quantiles
  , > œ  "Þ($ > œ "Þ($"*ß!Þ & "*ß!Þ*&0  to estimate Type II Error "s Ð Ñ À."

 where "
.s Ð Ñ œ T<Ð>  Ÿ X Ÿ >  Ñß

 
.

. .
"

" "
8"ß!Þ!& 8"ß!Þ*&

!.!

=Î 8 =Î 8  X µ XÐ"*Ñ

 
Analysis in file "Voltage_OC_Curve.R"
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STATISTICAL INFERENCE  Mean Hypothesis Testing

• Use now and = ¸ #Þ"% ß 8 œ "!ß œ !Þ"!ßα quantiles
  , > œ  "Þ($ > œ "Þ($"*ß!Þ & "*ß!Þ*&0  to estimate Type II Error "s Ð Ñ À."

 where "
.s Ð Ñ œ T<Ð>  Ÿ X Ÿ >  Ñß

 
.

. .
"

" "
8"ß!Þ!& 8"ß!Þ*&

!.!

=Î 8 =Î 8  X µ XÐ"*Ñ

 
Analysis in file "Voltage_OC_Curve.R"



EMSE 4765 Notes J.R. van Dorp;  ; Page 32dorpjr@gwu.edu

STATISTICAL INFERENCE  Mean Hypothesis Testing

• Use now and = ¸ #Þ"% ß 8 œ "!ß œ !Þ"!ßα quantiles
  , > œ  "Þ($ > œ "Þ($"*ß!Þ & "*ß!Þ*&0  to estimate Type II Error "s Ð Ñ À."

 where "
.s Ð Ñ œ T<Ð>  Ÿ X Ÿ >  Ñß

 
.

. .
"

" "
8"ß!Þ!& 8"ß!Þ*&

!.!

=Î 8 =Î 8  X µ XÐ"*Ñ

 
Analysis in file "Voltage_OC_Curve.R"
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STATISTICAL INFERENCE  Mean Hypothesis Testing

• Use now and = ¸ #Þ"% ß 8 œ "!ß œ !Þ"!ßα quantiles
  , > œ  "Þ($ > œ "Þ($"*ß!Þ & "*ß!Þ*&0  to estimate Type II Error "s Ð Ñ À."

 where "
.s Ð Ñ œ T<Ð>  Ÿ X Ÿ >  Ñß

 
.

. .
"

" "
8"ß!Þ!& 8"ß!Þ*&

!.!

=Î 8 =Î 8  X µ XÐ"*Ñ

 
Analysis in file "Voltage_OC_Curve.R"
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STATISTICAL INFERENCE  Mean Hypothesis Testing

• Use now and = ¸ #Þ"% ß 8 œ "!ß œ !Þ"!ßα quantiles
  , > œ  "Þ($ > œ "Þ($"*ß!Þ & "*ß!Þ*&0  to estimate Type II Error "s Ð Ñ À."

 where "
.s Ð Ñ œ T<Ð>  Ÿ X Ÿ >  Ñß

 
.

. .
"

" "
8"ß!Þ!& 8"ß!Þ*&

!.!

=Î 8 =Î 8  X µ XÐ"*Ñ

 
Analysis in file "Voltage_OC_Curve.R"
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STATISTICAL INFERENCE  Mean Hypothesis Testing

• are Let  Estimator distributions .  used for hypothesis testing ÐB ßá ß B Ñ" 8

be a realization of an  random sample from a  with3Þ3Þ.Þ normal distribution
unknown mean  and unknown variance . Consider . 5# the one-sided
hypothesis test.

L À œ

L À  Ð Ñ
! !

" !

. .

. . or . .! 

 are an indication of Now  only high values of ß B support for the alternative
hypothesis L". High values of  go together with high values ofB

> œ
B 

=Î 8
!

!.
•  This How high should (or be before we reject the null hypothesis?B > Ñ!

is determined by the significance level that you specify:α

Too high a value of    B Í > œ   >! 8"ß!Þ*&
B
=Î 8

.! (Here 5%!)α œ
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STATISTICAL INFERENCE  Mean Hypothesis Testing

• Conclusion:


we reject  if 

we fail to reject  if 

L > œ   >

L > œ  >

! ! 8"ß!Þ*&
B
=Î 8

! ! 8"ß!Þ*&
B
=Î 8

.

.

!

!




 which is equivalent to



we reject  if Conclusion: 

we fail to reject  if 

L Â ÐB  ß∞Ñ Ð Ê

L − ÐB  ß∞Ñ

! !
=‚>

8

! !
=‚>

8

.

.

8"ß!Þ*&

8"ß!Þ*&




. .!  Ñ

• Why?:

B 

=Î 8
  > Í B    > ‚ =Î 8 Í

    B  > ‚ =Î 8 Í Ÿ B  > ‚ =Î 8

.
.

. .

!
8"ß!Þ*& ! 8"ß!Þ*&

! 8"ß!Þ*& ! 8"ß!Þ*&

 
 

•  is  ÐB  ß∞Ñ
=‚>

8
8"ß!Þ*& upper 95% confidence interval for true mean ..



EMSE 4765 Notes J.R. van Dorp;  ; Page 37dorpjr@gwu.edu

STATISTICAL INFERENCE  Mean Hypothesis Testing
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STATISTICAL INFERENCE  Mean Hypothesis Testing

• are Let  Estimator distributions .  used for hypothesis testing ÐB ßá ß B Ñ" 8

be a realization of an  random sample from a  with3Þ3Þ.Þ normal distribution
unknown mean  and unknown variance . Consider . 5# the one-sided
hypothesis test.

L À œ

L À  Ð Ñ
! !

" !

. .

. . or . .! 

 Then at a significance level of %α œ & ,



we reject  if 

we fail to reject  if 

L > œ Ÿ > œ  >

L > œ  > œ  >

! ! 8"ß!Þ!& 8"ß!Þ*&
B
=Î 8

! ! 8"ß!Þ!& 8"ß!Þ*&
B
=Î 8

.

.

!

!




 which is equivalent to:



we reject  if Conclusion: 

we fail to reject  if 

L Â Ð ∞ß B  ÑÐ Ê

L − Ð ∞ß B  Ñ
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8"ß!Þ*& lower 95% confidence interval for true mean ..
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STATISTICAL INFERENCE  Mean Hypothesis Testing
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STATISTICAL INFERENCE  Mean Hypothesis Testing

Given a dataset  and   , the valueB ßá ß B 8 ßá ß C" 8 " 8numerical coefficient= . .

C œ B á  B œ B. . ." " 8 8 3 3

3œ"

8
is called  of the datapoints. a linear combination B3 The objective of linear
regression analysis deals with  givenestimating the coefficients . ." 8ßá ß
dataset  and  The variables= œ ÐC ßá ß C Ñ ÐB ßá ß B Ñ ß 4 œ "ßá7ÞC " 7 8 41
B ßá ß B C" 8 are called the  and the variable  is called theexplanatory variables
dependent variable. The dependent variable may typically be difficult to observe
and the independent variables may not be. By observing a  datasetsnew
( )   having established the relationship above, B ßá ß B" 8 8/A and we may
infer/predict the value of  associated with this dataset .C ÐB ßá ß B Ñ8/A " 8 8/A

•  Conducting hypothesis tests on the coefficients here are of the form:

L À œ ! L À Á !! 3 " 3. ., 

and are standard in regression analysis  Þ Thus an estimator for each
coefficient .3  and needs to formulated their estimates follow from the
datasets and C œ ÐC ßá ß C Ñ ÐB ßá ß B Ñ ß 4 œ "ßá7Þ" 7 8 41
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STATISTICAL INFERENCE  Variance Hypothesis Testing

Let  be a random  sample from a  withÐ\ ßá ß\ Ñ 3Þ3Þ.Þ" 8 normal distribution
mean  and variance then:. 5#ß

] œ œ µ
\ \ Ð8  "ÑW 

3œ"

8
3

# #

#
#
8"5 5

;

Chi-squared  degrees of freedomÐ8  "Ñ

• We developed for the % two-sided confidence interval"!!Ð"  Ñα 5#

Ò ß Ó
Ð8  "Ñ= Ð8  "Ñ=# #

# #
8"ß" Î# 8"ß Î#; ;α α

Utilizing the above  one may analogously (as we;#
8" Estimator Distribution

did for the mean )  of the form:. develop hypothesis tests

L À œ L À œ L À œ

L À Á L À  L À 

! ! !
# # # # # #

! ! !

" " "
# # # # # #

! ! !

5 5 5 5 5 5

5 5 5 5 5 5
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STATISTICAL INFERENCE  Goodness-of-Fit

Example 15 (Continued): Dielectric breakdown voltage data
24.46 25.61 26.25 26.42 26.66 27.15 27.31 27.54 27.74 27.94
27.98 28.04 28.28 28.49 28.50 28.87 29.11 29.13 29.50 30.88

 
Hypothesis tests and confidence intervals involving the ,  and J >;#

distributions . Althoughall utilize an assumption of normality in the data
minor deviations from normality are allowable, the procedures above are not
distribution-free. Alternatives exist to the above tests that are distribution-free
and should be used in case of large departures from normality.

• How can we test for normality of the data?

• How can we test in general whether data fits a particular theoretical
distribution?

• To answer to these questions is to execute a goodness-of-fit test.
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